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1 Continuous time dynamic system

Consider a system dz/dt = Az where x € R* and A is a k x k matrix. What is the solution?

1.1 Definition

Define the operator diag as

Z1 0 0
diag{z1,...,2zk} =10 -. 0o |,
0 0 =z

that is a k x k matrix with the zs on its main diagonal and zeros elswhere. Note that

rdiag{z1,...,2r} = diag{kz1,..., k2L },

Zdiag{zm, .. -,Zi,k} = diag {Z Zi,la .. '72’2““} N
diag{z1,..., 2} diag{z1,..., 2} = diag {z%, .. ,z,%} .

The last line implies
diag {z1,..., 2, }" = diag{=7,...,2; }-

Define a matrix exponential as
X un
— Y oAn
exp (tA) = n!A .
n=0

Let {A1,..., Ak} be the eigenvalues of A and let {v1,...,v;} be the associated (column, i.e., k X 1)

eigenvectors. Let P = [v1,...,v] be the k x k matrix of eigenvectors. Then,
[e.e] tn
exp (tA) =) —Pdiag (A, 2F} P71
n=0 "

— : T \n Y \n -1
_Pdlag{zn!)\l,...,zn!)\k}P ,
n=0 n=0
— Pdiag {6”1, L et)"“} Pl
Note that

exp (0A) = Pdiag {60)‘1, . ,eO)‘k} Pt
= diag{1,...,1}.



1.2 Solution

The solution of the system dx/dt = Ax is
x (t) = exp (tA) z (0). (1)

To see this, note first that, at ¢ = 0, this equation holds: z (0) = exp (0A4) x (0) = z (0). Second,
verify that it is the solution for an arbitrary t. Note that

de  d =t .

n=

_ ijt (f;) A"z (0)

n=0

Thus, the solution is
z (t) = Pdiag {et)‘l, c et)‘Q} P71z (0).

1.3 Hyperbolic functions

It is useful to define the hyperbolic functions

0, 0
cosh (0) = %,
o _ 0
sinh (0) = %,

tanh (f) = sinh (#) / cosh (9) ,
Figure 1 displays the hyperbolic functions. Some useful properties of the hyperbolic functions are

d . d .
0 cosh (f) = sinh (), and T sinh (0) = cosh () .

Also, cosh (z) > 1 for all z € R, and sinh (z) < 0 for all z <O0.



Figure 1: Hyperbolic functions
Y

A

——1y = cosh(x)
——y = sinh(x)

——y = tanh(x)

2 The model

The laws of motions are

dKE/dt = —0PKP + X1,
dKP/dt = —0" K[} + X5,

Define the steady state as K% = XB /9% and KP = X%/9P and let K = K&
KB = KB — KB The system becomes

df{tR B 1B
= -0PK
dt Lo
df{tB R1-R
= oRKE.
dt t

~ - /
or dxy/dt = Mz where z; = [KtR, KtB] and

0 —65
M = .

— K and



The eigenvalues of M solve A2 —0#B0% = 0. Denote the eigenvalues by A; and Ay with corresponding

eigenvectors are [1,v1] and [1,v2]"
A =—VOBOE, and Xy = VOBOR,
vy =1/0F/6B ) and vy = —/0%/65.

2.1 Dynamics

Let P be the matrix of eigenvectores of M. Using Equation (1), the solution of dx;/dt = Mz, is

KE| 1|1 1|le™ 0w -1f]| KE
f(tB B |P| [v1 vy 0 e |—v 1 _f(ég
B eM el ] U2f{(§%_[~(é§ /|P|

v1ef et KP —uKE) /|P|

where |P| = va — v1. Thus,

~R et ~R 7B e o p ~R
KR = ( KR K ) (K — 0K )
t vy — 01 ChEaN)) 0 +1)2—2)1 0 V18
- v €t>\1 ~ ~ v et)\z B N
KB=4 (UQK(? - K{?) + 2 (K{)B - U1K§>
Vo — V1 U2 — V1
Recall that v9 = —v1. Hence, v9 — v1 = —2v1 and the dynamic system is
~p_ M ~R _ [+B e g ~R
Ky = —2v1 <_UlK0 — Ko ) + —2v1 (KO —uko ) ’
tA1 tAa
~B __ V1€ R _ 1B —vie B R
t = *2’01 (_UlKO B KO ) + *21}1 (KO N leO ) ’
or
- 1 - - - -
o Lo (RE 4 R ) o (RS- K )]
- 1 - - - -
F=3 [em (KOB n UlKgﬁ) +ethe (Kg . leg%)] .

Rewrite this as



1 _ _ _ _
KlP = 3 etM (Kég +v1K§) Jvp — e (KOB — 01K§> /vl} ,
Lr tA1 to 11
5 B A—e | o (2)
- 1r - . - -
KP = 5 [ (KF + o) + e (KF - nkf)]
=5 [Mat e, 3)

where
A=KP +u Kl and B=KP — v K[

Recall that A\ < 0 and A2 > 0. The two branches of the phase diagram are A = 0 (unstable) and
B = 0 (stable). Note that

~ N2 RN
AB = (K{?) - (UIK§> : (4)
A - B - 21}1]%(1){7 (5)
A+ B=2Kp, (6)
A=0-B=2KE = —2uK{, (7)
B=0—- A=2KP =2 K[ (8)
Note also that
=N\ 2
4 (letR) = XM A2 1 2N B2 9 AB,
N\ 2
4 (KtB) =M A% 4 2232 L 2 AR.
It follows that the following difference is constant at each point in time:
- 5\2 2\ 2
(Kt ) - (let ) = AB. 9)

It is established from, (2) and (3), that

1
)
U1

= 1
KPP =KP + 3 [et)‘lA—i-et)‘QB] )

KF =K+ % [et’\lA — et/\zB}

where A = IN((]]g + vlf(é% and B = IN((]]g — vlf(é%.




2.2 Effects of initial conditions and reinforcements

It is useful to establish the following partial derivatives

oA oA w04 oA 1
OKEF — 7 9XB T 9k 9gKE TV 9xE T gB
and
B _ B v B _ oB 1
oKE — 7 8xXB ek 9gKE U 9xR ¢B
Then,
OKP 1/, ( n “in (V1)) _ sinh(tA1)
axr =3 (¢ (gr) ™ (gr)) = =5,
OKE 1 1( 5 ( 1 “on [ 1Y) _ 1 —cosh(tAr)
DX R —eB+2<€ “em) e T \TgB)) T em
KP 1
gKtB = 5 (M () + e (1)) = cosh (1A1),
0
KP 1
gKtR =5 (e'»‘l (v1) + e M (—vl)) = vy sinh (tA\q) .
0
and
oK 1 L /o[ W “n (V1Y) _ 1 —cosh(t)\)
oxs = gn o (7 ()~ (G8)) =
OKf 1 (o (1N oy (1Y) _sinh(tA)
OXE ~ 20 \° 98 )~ ° 08)) = A
8[(# 1 t>\1 —t\ Slnh (t)\l)
= 1) —e (1)) = 22U
oKD 201(6 (1) —e™ ) v
8KtR 1 tA1 —tA1
=—e V1) —e —v = cosh (t\1).
SR = 3, (< () (~u1)) (tA1)

)

Y



It is established, from (10)-(17), tha

OKP  sinh(t\) OKP  1—cosh(t\)

5% B " > 0, IXE 0B <0,
OKP OKP .
oKD = cosh (tA1) > 0, IR = vy sinh (tA;) <0,

and

OK{' 11— cosh(tA) OKF  sinh(t)\)

aXE gr <0 axr= 5 o0
OKFE  sinh(t)\) OKR

- <0, Zot — cosh(thr) > 0.
oKD u oKf ~ " (th)

2.3 Time to arbitrary value

Let T%(z) denote the date ¢ at which K = x:
201 (z — f(R) = TM@M g TN = A — B/z,

where z = exp(T*(x)A1). This is a quadratic in 2

vy (l’—KR) + \/[Ul (:U—KR)]2+.AB
" :

Zz =
Similarly, let 72 (z) denote the date ¢ at which KP = x:

9 (a: _ KB) _ eTB(x)A1A+ e TP@Mpg _ A+ B/z,

with solution

(v - KP) £ \/(x - KP)’ - AB
i .

z =

The quadratic equations may have zero, one or two solutions depending on x. Two solutions are

possible because the trajectories of K and K{* need not be monotonic. Since A\; < 0, a solution z

corresponding to a positive time must be between 0 and 1.

A remark on units — Suppose that X%, X5, Ké%, and Kég are multiplied by &£ > 0. Then K% KB
are also multiplied by k. It follows that f((lf and R’ég are multiplied by x as well. Finally A and B
are multiplied by k. Note that, T® (kx) = T® (x) and TP (kx) = T? (x), thus the duration of war

remains constant.



It is established that the time to an arbitrary weapons stock x is

2.4 Casualties

Let DP and D} denote total casualties up to time ¢. Then
t t t
DP = 9% / KRy = 0F / KBRdu 4+ 6% / KRdu,
0 0 0

1 t
S —— [e“)‘lA — e“)‘QB} du+tX7P,

2’1}1 0

)‘1 ! U ! —uA B
=—— 1A ""du—B | e " du| +tX",

2 0 0

where fot eMdu = (™ — 1)/ and f(f e Mgy = —(e7™M —1)/A1. So,

—tA\1

DtB:—ﬁ [A

eth — 1 e
B
N TP

= —% [Aet’\l + Be 7t — QIN({]B} +tX5,

txB
2 | +ex

17 -~ -
-5 [21{5 - 2K(])3] X5,
=tXP+ K - KP,
where (6) was used. For Red casualties we have
t t t
DIt = 03/ KBdu = 93/ deu+93/ KBdu,,
0 0 0

1 t t
= 035 [.A/ e“’\ldu+8/ e“’\2du] + X",
0 0

0B 1 tA\1 —tA\1 R
1
HB 1 R R R
== )\715 |:2'U1Kt - QUIKO :| + tX 5

= tX® 4 Kt — KE,

(19)



where (5) was used.

It is established, from (19) and (18), that
t
DE = / 0FKdu =tXP + K§ — K[,
0

and

t
DE = / 0P KBdu =tX" + K — K.
0

Casualties at time ¢ behave as

oDP r [P OKE r ['1—cosh(u\;) t
x5 =0 i Wduze /0 GRdUZt_/O cosh (u)1) du,
‘_ sinh (t)\l)
=t
after using (14).
oDP  p [tOKE g [fsinh (u);) of
S 0 ; 8XRdu 0 /0 N du ¥ (cosh (tA\1) — 1),
cosh (tA;) — 1
=

after using (15).

oDP  p [tOKE R /t sinh (u);) o
—L =9 —Ydu =0 du = h(th;) — 1),
8KOB 0 3K63 “ 0 (%1} “ 1)1)\1 (COS ( 1) )

=1 —cosh (t\),

after using (16).

oDP g [ OK] g [ R
8K§:0 /OaKé,%duzﬂ /Ocosh(u)\l)duzﬂ sinh (tA\1) /A1,

= —U1 sinh (t)\l) .

after using (17). Finally,

T
A 9R )
0 1

9XB o, 0XB -

10

(21)

(22)

(23)

(24)



after using (10).

aXR 0 8XR GB Al

after using (11).

DR t 9K B t inh (¢t
J L =¢" 0 Zfgdu:eB/ COSh(“/\l)dUZ—M’
OK] o 0K/ 0 U1
after using (12).
DR t KB t
S =" [ =0 [ s o) i =1~ cosh 1),

ater using (13).

=07 [ au=go [[LZR Ny, )
0

(25)

It is established, from (20)-(27), that
ODF _, smh(X) o ODP _cosh() -1,
0X M OXR 0
oDy oDP .
78[((])3 =1—cosh (tA1) <0, w = —wvp sinh (tA1) > 0,
and
8D§:cosh(t)\1)—1>0 aDﬁ:t—M<0
8XB 0R ’ aXR Al )
oD} sinh (tA1) oD}
OKpB v1 OKE cosh (A1)
Note that
oDP OKP oDE OKP
=1— and =t —
OKJ OKP 0XB 0XB’
L=1— t and LA t
OK{ OKE OXR OXR
On the other hand
oDP _ _OKP and oDP _ _OKP
oKt oKl oX*h OXR’
and
ODE oKL ODF OK[
= - and = — .
OKP OKP 0X"B 0XB

11



2.5 Military conclusion

Consider a military victory for Blue at 7:
B>0 and KE=0. (28)

2.5.1 Final Blue weapons stock

Equation (9) implies
KP = KP4/ (nKR)? 1 AB.

A
where
A? = (1, K7)? 4 4B,
= (K" 4 (KF) ~ (w&f)
= (uE™) 4 (K§) — o (K — &7,
= (&™) 4 (&F) b () + (KF) — 265 KT,
— (K& - KP)” = (uK)? + vR2K{RR.
It follows that
g = ()5 48)"™ G (k™ 4s).
= 5 ()7 orfen,
- ngKq]_SKE)RKB (29)
o et (k™ a8) " L () + aB).
S IR
- TR 0

12



OKPB

= 1 9 1/2-1 9 _ o9
OKE ~ 2 (K" + 48) OKE (k)" +48)
_ % (A2) V29 (KE — RP),
KP — KB
~ KB_KB
OKE 1/, _po2 1/2-1 9 2
oKl ~ 2 (K" +45) oKL (57" + 48).
_ % (A2) 72 (“o2akE + 202K ) |
_ K- K"
'KB — KB’

Assume (28) is satisfied. Then, it is established, from (29)-(32), that

oKEZ 1 K{ OKP 1 KP —Kf
0XB 9B KB - KB’ OXE 9B KB _ KB
and _ _
OKB KPP - KB oK? K- K"
OKP ~ KB—KP'  9KE KB KB

Note that KZ > KB. Thus, KZ > K whenever K® > K. The interesting case is KZ < K£, or

K — KP > 0. Then
KP > K¢,

(0 KR)?* + AB > KF — K5,

KB — KBY — (0, KB’ + v?2KBKE > (KP — KB)?,
0 0 0 0

2K > Kl

Assume (28) is satisfied. Then, it is established that
KB > KB

and
KB > KP if and only if K[! <2K%.

2.5.2 Duration

At the end of the war, K = 0. Taking derivatives yields

13



R R B _ R
OK; gr+ OKR IXB 0o or _ 0K7 JOX _ (1 — cosh (~T)\1)) /0 ’ (33)
or 0XB 0XB OKE/or 9BKB
OKE OKE or OKE/OXR  sinh (TA1) /M
T dr TdXT = = = . 4
54T+ 55 0= -7 OK o GERE (34)
8K§d n 8KRdK B or _GKf‘/ﬁKég _sinh (7A1) /u1 (35)
or oxB 0 aKg? - OKE/or —  ¢BKB
KFE KFE KEJOKE h
IRy OBr i _ g0 07 OKSJOKy  cosh(TAy) (36)
or T oxB OKE OKE /0T 9BKB

where (14)-(17) and 0K® /o1 = X® — 9P K = 98 (KP — KB) = 0P KB < 0 were used.

Assume (28) is satisfied. Then, it is established, from (33)-(36), that
or (1 — cosh (1)) /6F <0 Or  sinh(7A1) /M1 >0
0XhB 9BKB OXt — gBKB ’
and
Ot sinh(7A1) /v1 0 Ot cosh (A1)
OKP ~ GBKB oKt~ ¢BKB
The level curves of 7 in the (K{, K) plane are defined by
or or dK B or /oKl
dr =0= ——dK{! dKP 0 = _— /70
! aRI M T oRE N T KR orJOKD
dr=0
so that
dKi — Ly Cf)Sh (TA1) S0
dK; sinh (7A1)
dT=0 ——

<-1

The level curves of 7 in the (X R xB ) plane are defined by

o or or 5 AXP| _ orjox®
T =0=oxr™ X"+ oxBdX" = gx® L, OTjoXP
so that
axB __sinh(tA) /M ; sinh (7A1) 50
dxnt . 0_ (1 —cosh (tA1)) /68 — "' 1—cosh (A1) '
>1

14



2.5.3 Casualties

Final Blue casualties depend upon resources:

oDB _ R T 8deu _ HR/T 1 — cosh (uA1)
0XB 0 0XB 0 oF
sinh (7A1)

_ 37
PSR (37)

du=T1— / cosh (u\1) du,
0

after using (14).

oD? TOKE T sinh (uA;) of
L Y d :HR/ ————du = — h(rA1) —1
OXR o OXE u 0 M\ u )\% (cosh (TA1) )s
cosh (7A\1) —1
_ o)~ 1, (33)
after using (15).
DB T KR T sinh R
gK; e gKTdeu:eR/ sinh (uA1) GA (cosh (TA1) — 1),
0 0 0 0 U1 V1AL
=1—cosh (1)), (39)
after using (16). Finally,
aDB T aKR T
T —gf “d:HR/ h (uh1) du = 0% sinh (7A1) /A1,
IR ) OKF u ; cosh (u\1) du sinh (7A1) /A1
= —U1 sinh (TAl) y (40)
after using (17). Finally, Red casualties depends on resources as well:
oDE 5 [TOKDB B..p OT 5 [TOKDB
T — U — K U
oxB =0 | axBl =R GxE 0T ) axmd
ZGBKB]_—COShN(T)\l) 0B /T sinh (u)\l)du
T QRYBKB 0 A ’
~ KP1—cosh(r)) | cosh(rA;)—1
- Kf oR + oR
1 —cosh(tA\) (KB
— L (55) (41)

15



after using (10) and (33).

oDE TOKBdu or TOKPD
r =67 v =0°KP 6" L d
OXE . OXE moxk V) axrM
inh (TA;) 71— cosh (uA1)
= BB B / Y
T HBKTB)\l + 0 QB u,
_ KPsinh (1)) . sinh (TA;)
KB\ A1
sinh (7)) [/ KB
after using (11) and (34).
DR T KB T KB

OKE — Jo OKP T OKP o OKP

. .
e b LAV / cosh (u)1) du,
0

. »
68 KBu,

B B
_ K7 sinh (TA1) n a—sinh (A1)

f(}? U1 A
_ sinhv(lr)q) <g;> ’ (43)
after using (12) and (35). Finally,
ODE _ B T OKBdu _ gBKB or LB T@deu
oKl o OK[ T OK( o OKI
= QBKE(X);E;—;Q) + 080, /UT sinh (u\1) du,

KB 65
= f{; cosh (TA1) +

=1+ cosh (T\1) (g) , (44)

fl (cosh (TA1) — 1)

after using (13) and (36).

16



Assume (28) is satisfied. Then, it is established, from (37)-(44), that

8Df; L sinh (7A1) <0, oD5 _ cosh (tA1) —1 S0,
0X A1 OXE 68

D5 DE

gKgB =1—cosh(TA1) <0, gKg% = —wvy sinh (7)) > 0,

and

ODE 1 —cosh (7)) KB) <o, ODE n sinh (T7A;) (KB> >0,

oXB ~  oR &P oxR ~ " A KB
ODE  sinh(r)\) (KB ODE K®B
T = = O L = 1 h = .
OKP o <K7{9> <0, OKE + cosh (TA1) (Kf) >0

2.6 Political conclusion

Let DB and D denote the threshold levels of casualties for Blue and Red, respectively. The war

concludes when
DP = DP or DF =D~

whichever comes first (if it is not a military conclusion).

2.6.1 Duration

Let 77 and 7% denote the date at which the thresholds are reached. Using (18) and (19), it follows
that

KB =PXP + K§ — D,
KB = rBx? 4+ Kkt — DR

Implicitly differentiating the first equation yields

OKE, OKE,
< F " XB) dr® + - FpdX P = rPdx?,

drB P —0KE, JoxP
dXB  9KB, jorB — XB’

1 (Sinh (TB)\l) B TB> 7 (45)

T ORKE, N

17



where the last line uses (10).

OK?B OKB
( 2 _ XB> dr? + =2 qxt =,

orB OXE

dXR QKB jorB — XB’

B 1 1 — cosh (TB/\l) (46)
OFRKE, 6B ’
where the last line uses (11).
OK [ B 5 KD g B
(873 - X7 |dr +8K§dKO =dKy,
dr® 1—-0KE5, JOK§
dK§ — OKB, jorB — X B’
1
= ——— (cosh (%)) — 1), (47)
s, €0 (720) <)
where the last line uses (12). Finally,
OKB, OK?B,
5 XB d B T dKR =0
< orB ) T oKE 0 '
drB B 6K7]_33/8K§
dK§  0KBjorB — X5’
= ORKE, v1 sinh (TB>\1) , (48)
where the last line follows from (13).
It is established, from (45)-(48), that
orB B 1 sinh (TB)\l) B) < orB B 1 1 — cosh (TB>\1) <0
0XP ~ 9RKE, i ! ' OXE GRKE, 67 !
and
orB orP 1
= h(78A) = 1) >0, = inh (72)1) < 0.
OKP ~ 9RKT, (cosh (77X1) — 1) OKE QRKmesm (7" M)

18



Proceeding with Red,

OKE OKE
( - XR> drft+ —2dxP =0

ork oXxB ’
dr® B 0K fR /oXB
dXB 8KfR/8TR—XR
1 1 — cosh (TR)\l)
~ 0BKE, ( oF ) ’ (49)

where the last line uses (14).

oK%, oK%
( ol XR) drf + S X = rfax ",

drft TR —OKE JoXT
dXE  OKE Jork — XE’

1 inh (78\
_ . sin (T 1) _ R ’ (50)
0P K5, A\

where the last line uses (15).

OKE OKE
< =% _ XR> drff+ —2dKP =0,

ork OKpB
drft OKE, JOKE
dKE — OKE jorR — X’
1 inh (77
_ . sin (T 1) ’ (51)
QBKTR V1

where the last line uses (16). Finally,

3K5R R R 8KfR R R

drt 1 0K% JOK{
dK§  OKE JorR — XR’

— m (cosh (TR)\l) — 1) , (52)

where the last line uses (17).

19



It is established, from (49)-(52), that
ok _ 1 1 — cosh (TR)\l) <0, orE _ 1 sinh (TR)\l) )
0XB GBKER (P OXE HBKER A1
and
ok 1 sinh (TR)\l) orh 1 R
= <0, = h A1) —1)>0.
OK§  0PKD, ( vy oK 0PKE, (cosh (77A1) — 1)
The level curves of 72 in the (Kéq, KOB ) plane are defined by
orB orB dKP orB oK
drB =0= = _dKP + ——_qrk = 2220 =-———0
T oRD M T oRREYN T KR n,  OTFJOKP
so that
dK§ sinh (77)1)
= —U1 .
dKE B0 cosh (TBA\) — 1

<-1

In the (X R XB ) plane, the level curves have slopes

_ B
dXxB % 1 — cosh (TB/\l)
_ - — - = V] — B 5 .
axnt Pt s h(/\TlBM) _ B sinh (7BA;) — 78\,
>1
Comparing the slopes of the level curves for 7 and 75:
dKF sinh (758 dKf h(TA
% = -1 N (;,- 1) and (}% = —1 7(:?8}1 (T)\l) > 0.
dK; B0 cosh (7BA;) — 1 dK, o sinh (7A1)
<—1 <—1
Note that
1 cosh (TA1) - sinh (77))
sinh (7A1) = cosh (7BX\;) — 1’
so that
dKB dKF
R R
dKO dr=0 dKO drB=0

Following an increase in K§¥ by dKf'. The increase in K’ that maintains 7 constant is too little to

B

maintain 72 constant, and so 72 decreases.

20



2.6.2 Red casualties when Red initiates a political conclusion

These derivatives should be zero by assumptions since, when Red initiates a political conclusion its

casualties must be D® by definition. Verifying these derivatives are zero is a check on the model’s

solution:

R

dDE T T
o (93 / deu) 08 K5, O g / 9 KBau,
0 0

0XB 09X 0X BT 0XB
1 1 — cosh (TR)\l) ™ sinh (uAy)
BB B
_ S AMAL)
=0"K R YB 7, < R +0 /0 N du,

- B
_ 1 — cosh (7% )‘1) + 072 (cosh (TR/\l) -1),

R Al
1 — cosh (TR)q) cosh (TR)\l) —1
N oF - o =0

where (49) and (10) are used.

R

oDE R T
- oo (03/ KBdu) —orxB 0T or [0 O kB,

OXE T ox Kongxm o OXE
1 sinh (TR/\l) ™ 1 _ cosh (uAr)
BB R B
— 9P K5, - e S 24
=0 QBKB < N T+ 6 /0 0B du,
. h R)\ 7_R
_ Sm(;ﬁ — R +/ (1 — cosh (uAy)) du,
1 0
_ sinh (TR)\l) LR R sinh (TR)\l) _o,
A1 A1
where (50) and (11) are used.
8DR TR
o 0 93/ KPdu) =07 K507 5
0K} 0K} 0 0K} 0o OK}
1 sinh (TR)\l) ™
= 0P K5 0" / h (uX;) d
TRGBKER < o + ; cosh (uA) du,

: R B
_ sinh (77)) n Q—Sinh (TR)\l) —0,
V1 )\1
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where (51) and (12) are used.

oDR, 0 ™ ork ™ 9
= 6B / KBdu| =60PK5 6B / KBdu,
oKL aKg;’~< o et ork TV )y arETte ™

R

= HBKER@ (cosh (TR)\l) — 1) + OB/O vy sinh (u\1) du,
R 16”7 R
= cosh (7‘ )\1) -1+ 3 (cosh (7' )\1) — 1) =0,
1

where (52) and (13) are used.

2.6.3 Blue casualties when Red initiates a political conclusion

R

anR 9 R - R Ryer OT" R _9 R

R
_ gRR. 1 1—cosh (7)) N QR/ 1 — cosh (u)
T 0

08 K5, oF oF
1 1—cosh (TR)\l) T

GPKE, R + /0 (1 — cosh (u1)) du,

R R

ldu — / cosh (u)1) du,
0

du,

B GRKfR 1 — cosh (TR)\l) . /T

QBKER Or 0
B GRKER 1 — cosh (TR)\l) LR sinh (TR)q)
- 9BKE, of A

<0,

where (49) and (14) are used.

oDB Tk R T
9 <9R / deu> _grgr 9T Lgr [T 9 prg,
0

OXE ~ OXE ™ OXE )

. R .
_ QRKgR sinh (TR>\1) R _|_QR/ sinh (u)\l)du7
QBKTR A1 0

B GRKFR sinh (TR>\1) A or /T
" 0PKE, A ! A\ Jo

GRKFR sinh (77\;) R 1 R
= QBKFR ( N el (Cosh (T )\1) — 1) > 0,

R

sinh (uA1) du) ,

-~

>0

>0

where (50) and (15) are used.
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oD5B TR R Tk
" _ 0 <0R/ deu) = HRKER or +9R/ 0 Kdu,
0 0

OKP  OKP OKJ OKJ
inh (77\ ™ i
_ gRKF, Bl _ sinh (77\;) +9R/ blnh(u}\l)du,
0 KTR U1 0 V1
ORKE, sinh (r),) g (7"
= T — inh (u\1) du,
QBKPR o + 'Ul/() sinh (uA1) du
HRKRR sinh (TR)\l) o
= - h(r8M\) —1
i (s () <),
ORKE, sinh (TR)\l)
= z 1 — cosh ()
QBKFR " + COSV(T 1) < 0,
<0
<0

where (51) and (16) are used.

8DB TR R TR
e _ 0 <9R / K}Edu> =0"KE, or + 0 / 0 KEdu,
0 0

SR = OKT OKE 0K
ORKE "
:WégmMﬁM%U+ﬁA cosh (uy) du
- QBK%i (cosh (77A1) = 1) + b (7"A1) >0,
- —
>0 =

where (52) and (17) are used.

2.6.4 Blue casualties when Blue initiate a political conclusion

These derivatives must be zero by construction.

B

8DB B B T
2 O <9R / deu> _orgR 9T gr [T 9 prg,
0

e ToxXP T Jy 0X7
1 sinh (TB)\l) ™ /1~ cosh (uA1)
= ofKH -’ QR/ )
i GRKfB ( )\1 T + 0 9R u,
inh (7B ™
inh B)\ e
:ﬁnﬁﬂ_w+w-/ cosh (uAr) du,
A1 0
_sinh (7PN) 5 5 sinh (7PA0) 0
— DY
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where (45) and (14) are used.

B

oD, orP ™9
= aXR <aR / KRdu) =RKR, S 1 oR [ S KR,

OXR P OXR o OXR
R R 1 1 — cosh (TB)\l) R /TB sinh (uA1)
= 07K GRKEB ( 6B o 0 A1 du,
1 — cosh (TB)\l) o
= 0B + 2 (cosh (TB/\l) - 1) ,
1
1 — cosh (7B
= COSQB(T 1) + 973 (COSh (TB)\]_> - ].) — 0,

where (46) and (15) are used.

dDB, B ™ orB ™9
TS GR / KRd — HRKR GR /
OKP ~ OKP ( 0 w oxp " ), oKD

" sinh (uA1)

1 T
Ry-R B R
=0"K 5 GRKR (cosh (T )\1) — 1) + 6 /0 o du,
QR
=cosh (7P))) —1 h(rBA) — 1) =
cos (T )\1) + o (cos (7' )\1) ) 0,
where (47) and (16) are used.
8DBB 0 8 orB
T2 QR / KRd — QRKR HR
OKE ~ OKE ( 0 w work TV ), oKL
TB
= GRKR ———wysinh (77 )\ —|—9R/ cosh (uA1) du,
eRKfB (FP20) +07 | cosh (uhy)

R
= vy sinh (TB)\l) + % sinh (TB)\l) )
1

= 7 sinh (TB>\1) — v71 sinh (TB/\l) =0,

where (48) and (17) are used.
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2.6.5 Red casualties when Blue initiate a political conclusion

B

oDE B B T
s _ 9 <9B / deu> —oox8 O or [T O kB,
0

oXB  0XB oXB s O0XB
1 sinh (TB)\l) ™ sinh (uAy)
= 0" K5 —75) +6" / —d
B QRKEB ( " T + ; " U,
HBKEB sinh (TB)\l) B cosh (TB)q) -1
~ ORKE, VR o7 >0,
N >0

where (45) and (10) are used.

8D7I—%B 0 B ™ B B -B orP B ™ 0 B

OXE — OXFR P OXR
1 1 — cosh (78)) ™ 1 — cosh (uMr)
" ORKE, ( 9B 0 0B

0BKB, (1 — cosh (TB/\l) ™

= HRKfB ( oF +/0 (1 — cosh (u\y)) du,
0P KB, (1 — cosh (78X inh (75X

_ 7}_%5 cos B(T 1) LB sinh (72\) <0,
OFKE, 9 A1

5 <0

where (46) and (11) are used.

dDE, 0 i orB ™ 9
T — 6P / KBau | =6PK? 6B / KBdu,
oxp ~oxB \" f, ™ woxB ), axp ™

B

—9BKB ;{ (cosh (TB)\l) — 1) + HB/ cosh (u\1) du,
0

TP QR R
HBKFB sinh (TB)\l)
= ricn, (cosh (75X1) — 1) — — >0
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where (47) and (12) are used.

oDE 7B B
0

OKE ~ OKE OKE o OKE
B

1
= GBKB BRI 111 sinh (7’ )\1) +08 / vy sinh (u\1) du,
0

QBB

B
HRKRB V] Slnh( B)\l) + )\fl (cosh (TB)\l) -1),

QBB

6’R R 'UlSlnh(T )\1)+1—cosh( B)\l) <0,

<0
<0

where (48) and (13) are used.
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